Chapter 18: Two-Port Circuits

. . = —ea co— =
The two-port model is used to describe the \
performance of a circuit in terms of the voltage Input Circuit Output
and current at its input and output ports. port port

Model Restrictions £

* No independent sources are inside the circuit between the ports (dependent can be)
* No energy is stored inside the circuit between the ports

e The current into the port is equal to the current out of the port iy =i; & i, =i}

® No external connections exist between the input and output ports

Thus for a two-port circuit only the terminal voltages and currents are of concern

18.1 The Terminal Equations

. . . I I,
Mostly carried out in the s-domain — =
Current and voltage symmetries V. s-domain v
e Currentis directed into the top ports GLECUHE
® Voltages rise from lower to upper — *—

Two of the four terminal variables (I, I,,V;,V,) are independent therefore only two
simultaneous equations are needed to describe the circuit. But there are six different

was to describe these equations.

Vi = 2111 + z121; I = y11V1 + y12Vs
Vo = 25111 + zp51, I = y1Vi + 2,5
Vi = a11Vy —aqzl; Vy = by Vi — byoly
Iy = a1V, — azl; I = by1Vy — baal4
Vi = hyly + hy, Vs I = g11V1 + 9120,
I = hyyI; + hy, Vs Vo = g21Vi + 92212

Where z, g, a, b, h and g are the parameters of the network.

18.2 The Two-Port Parameters
The values of a network can be determined by either computation or measurement.

To compute the z parameters:

Vi Vi V2 2

Q le = Q Z21 = Q ZZZ == Q

Z11 = 7~ re e e
I 1,=0 I 1,=0 Iy 1,=0 I 11=0
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Measuring the z parameters
® 7, is the impedance seen looking into port 1 when port 2 is open
® Zz,,isatransferimpedance. Itis the ratio of port 1 voltage to port 2 current
when port 1 is open.
® 7,,isatransferimpedance. Itisthe ratio of port 2 voltage to port 1current
when port 2 is open.
® 7,,isthe impedance seen looking into port 2 when port 1 is open

Note: each z parameter is a ratio of voltage over current and in ohms, thus its name

Example 18.1 /!__ 50 _/‘

Find the z parameters of the following circuit. L] VWA ®
Vi 200 15Q Vs,
® ®

Each of the remaining parameters can be found in a similar way.

Vi1 = 1—1 S VYi2 = 1—1 S Vo1 = 1_2 S Y22 = 1_2 S
n=y V=0 12 v, vico 21 v, Vo 22 v, b
Vi Vi I I
a11:V alZZ_I_ Q a21=7 S azzz_l_
2l,=0 2ly,=0 2l,=0 2
£ V, I I
b11—7 b12——1_ Q b21—7 S bzz_—l_
1 11=O 1 Vl_O 1 11=O 1
Vi Vi I I
h11—1— Q h12—7 hz1—1— h22_7 S
1ly,=0 2l =0 1ly,=0 2l =0
I I V, V,
911=7 S 912=I_ 921=7 922—1_ Q
11,=0 2ly;=0 171,=0 2ly=0

The reciprocal set of parameters for impedance (z) and admittance (y) and called the
immittance parameters.

The reciprocal set of parameters a and b are called the transmission parameters
because they describe the voltage and current at one end in terms of the voltage

and current at the other end.

Parameter h and g relate cross-variables input voltage and output current and
output voltage to input current and are called the hybrid parameters.
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Example 18.2 and Assessment Problems 18.1 —18.3

Relationship between the Two-Port Parameters

TABLE 18.1
2 =22
11 Ay
Y
2 = *S
- =1
21 Ay
Ju
Z = T o
22 Ay
= 2
i Az
2
Yo = 5
2
2=y
TABLE 18.1
h:ﬂ:
2~ Az
iy =L
11 = =
221
ap = A%
HEL T
21
s o 1
21 = T
21
& 222
2 = =
21
in
by = =
212
Az
bp=—=
212

Parameter Conversion Table

ﬂiﬁzﬁhzl

021_1)21 h_zz 811

_Aa_ 1 _ My e

(2551 bgl h22 g1

_ 1 _Ab_ My g

az by hy g
_ap by o Ag

an by  hn g
p _bu_ 1 _Ag

ap b Ay 8

_Aa_ 1 _ ha_ge
app by, hyy 822
__ L _ Ab_hn_ g
ap by, hyy 8

by — - Ay _an_hn_ g
212 Y2 Aa  hy 812
bn:ﬂ:&:ﬂfﬁh:_L

2 yo Aa  hy 812

po=B2_1 _8o_bo_en
1= ===
Im ¥ an by Ag

po_fz_ Yo _Aa_ 1 8n
12 = - - - B
2 yu  a4n by Ag
hoo fn_¥n_ L _ Ab_ gn
21,6~ = - - Ty
2 Y ax by Ag
h 1 Ay ay by gn
22 T uge T o o e T g
Iz ¥ an by Ag
_ L _Ay_an _by _hy
g1 = = =

1 ¥» an bn AR
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Parameter Conversion Table

i S, B0

ap bp  hy g

Yo _bn _ AR _ 1

)’21_:51’_ h721 &

A b M gn

yu  Ab hy gu
A B M Bn

yn oAb hy g

yu_bu L Ag
ya o AD hyy g
o _an _ 1 Ag
Yz  Aa  hp 812
1 _8p_hu_ 8»

Yz Aa  hyp 812

_ Zn Yo Aa 1 hp
Gioi= i SRS e R S e S
LSRN /7] an by Ah
_Zy . oyn 1 Ab hy
B2 s L ISR S =
n Yo o an by Ah
_ Az 1 _ap by hy
D= & i T g A g

211 E - an by Ak
Az = Z112n — Z2in

Ay = yuyn — yyn

Aa = apay — apay

Ab = byby — bpby

Ah = hyhy — hphy

Ag = gugn — 8128
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Example 18.3 and Assessment Problems 18.4

Reciprocal Two-Port Circuits

10 Q1 10 Q
WA AW
a 300 b 200 300 b 200 | ¢
15V 60 Q) I, Ammeter Ammeter i 60 O 15V
d d d d

NS 2011 Pasiion s, . bR 8 Prstis Han Copight © 011 Pearion e, n. i e Prcton o

A two-port circuit is reciprocal if the interchange of an ideal voltage source at one port
with an ideal ammeter at the other port produces the same ammeter reading.
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A two-port circuit is also a reciprocal if the interchange of an ideal current source at
one port with an ideal voltmeter at the other port produces the same voltmeter
reading.

Relationships for a reciprocal two-port circuit
Z12 = Zn1 A11Q2; — Q12051 = Aa =1 hi, = —hy,
V12 = Y21 b11b22 - b12b21 =Ab=1 J1i2 = —921

A two-port circuit is symmetric if its ports can be interchanged without disturbing the
values of the terminal currents and voltages.

Relationships for a symmetric
two-port circuit

Z11 = Z3
Y11 = Y22
a1 = Ay
b1 = by,

hi1hzz — hyzhyy = Ah =1
911922 — 912921 = Ab =1

Assessment Problem 18.5 (© I

18.3 Analysis of the Terminated Two-Port Circuit

Typical two-port circuits are driven in port 1
and loaded on port 2.

]

Two-port model
of a V, 4

network
—o o—f—

Where V; & Z,; are the voltage and impedance
of the source. Z; is the load impedance.

6 characteristics of a terminated two-port circuit
e Inputimpedance Z;, = V;/ I, or the admittance Y;, = I,/ V;
e The output current I,
e The Thevenin voltage and impedance ( Vy, & Zpp,) with respect to port 2
e Thecurrentgainl,/ I;
e The voltage gain 1,/ V;
* The voltage gain V,/ 1

L s00 0 L,

See the following page for the Y -
appropriate equations - . . " e
Example 18.4 L~ e

Assessment Problem 18.6
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TABLE 18.2  Terminated Two-Port Equations

z Parameters

212221
m+ Zy
7ZZIVg

2T (e + Z)(zpn + Z1) — znEn

Ziy =211 —

221
Vi = ——5Y,
zy + Zg E

12821
Zpy = 2p — m
é __ TiZn
L @+ Z
E _ w7z
Vi zuZp + Az
v wmZy

Ve (2 + Z)(am + Z1) — Tp

y Parameters

Yo — gy - 22l
L+ mZ;
I - yZIVg
2T 1+ ynZy + yuZ, + AVZ,Z,,
=¥V,
Vip = ———
Y + AyZ,
B 1+ yuZ,
™yt AyZ,
5 Y1
Iy yu+ AyZp
Y_ wmZ
i 1+ wmZ
2 mZL
Ve  yowmZiZ — (1 + yuZ1 + ynZp)
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TABLE 18.2  Terminated Two-Port Equations

a Parameters

_aZptap
anZy + ayp
12 = v:g
anZy + ap + anZyZy + anZ,
v
ap + anZ,
7 ap + anZ,
™= ay + an’Z,
L =1
L anZp + ay
i, Zy,
Vi anZe + an
| Zy,

Vo (an + anZp)Z; + ap + anZ,

b Parameters

7 bnZy + bpp
ol 12
byZp + by
~V,Ab
12 =
bZy + byZyZy + byZy + by
V,Ab
Vip = ———
by + byZ,
P bng + by
™ byZy + by
L -Ab
I by +byZ;
v, AbZ;
Vi b+ bnZp
V AbZ;

V, by +bnZ, + bpZ; + byZ,7;
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TABLE 18.2  Terminated Two-Port Equations

h Parameters

hihyZy,

T s o s 2210 b

= = 1+ h»Zp
L hnV,
(1 + hnZp)(hy + Zy) = hpphaZy,
Ve = _hZIVg

™ hpZ, + Ah
L Zy+ by

™" hypZ, + Ah
L_
I 1+ hpZp
Vo i
V., AhZL + hy
V2 —haZL

Ve (hy + ZY(1 + hpZp) — hphyZp

g Parameters

Y, = gu — s
gntZ;
/ —gnV;
2T+ 81ZNgn + Z1) — gn8nZ,;
821Vg
A
1+ guZ,
7 nggZIZg
Th = 822 1+ gllzg
L _ —a
Iy guZp + Ag
Y sl
W e+t 2
14 8171

Vo (1t guZ)(gn + Zp) — gognZy
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18.4 Interconnected Two-Port Circuits

5 ways to connect two-port ———o . ° ° " e —o
circuits —————ro o e o —o
a) Cascade (a-param) (a)
b) Series (z-param)
9o o1 —9 @ e o o
c) Parallel (y-param) 1 1
d) Series-Parallel (h-param) e . i
e) Parallel-Series (g-param)
We will focus on the cascade : L . e A .
connection: (
- - b) (c)
I Circuit 1 I Circuit 2 I
o e - e o———e s P e o
a'y a'y a'y a'y 1 - D 1
! ! ! ! ® @ ® @
a o a’'y 0”3] ﬁ'ﬂgz
e e o ] el o
Where a’ indicates first circuit. 2 2
" e o e o * o —o
a'’ the second.
(d) (e)
VZI and Ié are the mputs to the Copyright © 2011 Pearson Education, Inc. publishing as Prentice Hall
second circuit V] and Ij
The new a-parameters become
I/ " / " 1 " /; "
11 = A11017 + A12077 A1z = Q11017 + A1207;
o 17 ’ 17 o 17 ’ 17
A1 = Az1091 T A32071 Qzp = Az1Q93 T A207;

If more than two units are connected in cascade, the a-parameters of the equivalent
two-port circuit are found by successively reducing the circuits one pair at a time.

Example 18.5 500 O

Assessment Problem 18.7 V, Al A, |V, 10kQ
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